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ABSTRACT 
The phenomenon of fractional quantum Hall effect (FQHE) was first experimentally observed 33 years 
ago. FQHE involves strong Coulomb interactions and correlations among the electrons, which leads to 
quasiparticles with fractional elementary charge. Three decades later, the field of FQHE is still active with 
new discoveries and new technical developments. A significant portion of attention in FQHE has been 
dedicated to filling factor 5/2 state, for its unusual even denominator and possible application in topological 
quantum computation. Traditionally FQHE has been observed in high mobility GaAs heterostructure, but 
new materials such as graphene also open up a new area for FQHE. This review focuses on recent progress of 
FQHE at 5/2 state and FQHE in graphene. 
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I. INTRODUCTION 
A. Quantum Hall Effect (QHE) 
Hall effect was discovered in 1879, in which a Hall 
voltage perpendicular to the current is produced across 
a conductor under a magnetic field. Although Hall 
effect was discovered in a sheet of gold leaf by Edwin 
Hall, Hall effect does not require two-dimensional 
condition. In 1980, quantum Hall effect was observed in 
two-dimensional electron gas (2DEG) system [1,2]. 
QHE's voltage has a stepwise dependence on the 
magnetic field (B), as compared to a linear dependence 
as in Hall effect. Those step resistances are well defined 
plateaus, and quantized as h/e2 divided by an integer 
number n, with extremely high resolution at the level of 
a few parts in 1010 [3,4]. Therefore QHE is also named 
as integer quantum Hall effect. In the meanwhile, 
longitudinal resistance becomes zero, if temperature is 
low enough, as shown in Fig. 1. Because quantum Hall 
plateaus have high resolution and only link two physics 
constants, QHE has been used as resistance calibration 
standard since 1990. In addition to its metrology 
application, QHE provides a new type of phase 
transition that cannot be described by Landau symmetry 
breaking theory.  
In 2DEG, the eigenvalues of individual electron are 
quantized in Landau levels. The integer number n is the 
Landau level index if the spin energy splitting in a 
magnetic field is neglected. The ground state 
degeneracy is linear with B, and filling factor is defined 
as number of electrons over ground state degeneracy. 
The quantized Landau levels, filling factor dependence 
on B, together with the effect of disorder, cause the 
phenomenon of QHE. The delta-function-like Landau 
levels are expanded to localized states and extended 
states. When QHE happens, the Fermi level lies 
between extended states. The localized states created by 
impurities become the gaps for QHE and can be 
measured through the temperature dependence of 
longitudinal resistance. Due to the confinement 
potential of a realistic 2DEG sample, the gapped QHE 
state has chiral edge current at boundaries.  
 
Figure 1. Hall resistance and longitudinal resistance in 
QHE. Adapted from [5]. 
The original QHE experiment was carried out on Si 
metal-oxide-semiconductor field effect transistors 
(MOSFET). A 2DEG is induced electrostatically by a 
metallic gate on top of SiO2/Si. A modulation-doped 
GaAs-AlGaAs heterostructure can provide 2DEG and it 
is a better platform than Si MOSFET. For example, the 
best 2DEG in GaAs-AlGaAs heterostructure is over 
3×107 cm2/(V∙s) in mobility [6,7]. The development of 
GaAs-AlGaAs heterostructure mobility can be found in 
Fig. 2. Electrons in GaAs-AlGaAs interface are 
confined in a potential well formed by the two 
semiconductors with band offset. All experiments 
mentioned in this review are carried on in 2DEG 
confined by GaAs-AlGaAs heterostructure unless 
otherwise specified. 
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Figure 2. History of improvements in the mobility of 
2DEG in GaAs-AlGaAs heterostructure. Adapted from 
[6]. 
B. Fractional Quantum Hall Effect (FQHE) 
Two years after the first observation of QHE, FQHE 
was discovered by Tsui, Stormer and Gossard [8,9,5]. 
FQHE has almost the same characteristic as QHE, 
except that the quantized Hall resistance is h/e2 divided 
by a fraction. The first fraction is 1/3 and around 100 
fractional quantum Hall (FQH) states have been 
observed so far [10]. Most of them are odd denominator 
fractions. Higher mobility 2DEG and lower temperature 
are the keys to observed FQHE. 
Laughlin proposed an elegant wave function to 
explain the first FQH state [11,12,5]. In this wave 
function, interaction between electrons is considered 
and Laughlin's wave function explains other 1/m (m is 
an odd integer) fractional quantum Hall states [11,12]. 
The similarity between QHE and FQHE requires energy 
gaps. Landau levels serve as the origin of gaps in QHE, 
and Laughlin’s theory expects an energy gap in FQHE. 
It seems counterintuitive that numerous electrons form 
quasiparticle with charge less than a single electron, but 
Laughlin suggested excitations with fractional element 
charge as well. In particle physics, quarks are expected 
to carry 2e/3 or –e/3. In condensed matter physics, 
theoretical study in polymer proposed fractional charge 
at the domain boundary. However, FQHE is the first 
system actually observing fractional excitations. The 
1/m states are predicted to have quasi-particles with e/m 
fractional charge. There has been plenty of evidence 
probing the fractional charge from transport [13], shot 
noise [14-16], interference [17-20], tunneling [21-24] 
and scanning single electron transistor [25,26] 
experiments. 
 
Figure 3. Demonstration of the similarity between FQHE and QHE (Source: H. L. Stormer). Adapted from [27].
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 Most of the fractional filling factors can be expressed 
as ( )12/ ±= pnnυ and explained by the composite 
fermion theory [27]. The degeneracy per unit area is 
0/φB  and eh=0φ , named as flux quantum. When the 
ground state is completely filled, namely at the ν=1 filling 
factor, the number of electron equates the number of flux. 
Composite fermion theory proposed by Jain suggests that 
each electron combines two flux, or an even number of 
flux, to form a composite fermion [28]. The new 
quasiparticle neglects interaction and moves in an 
effective magnetic field with 02 φmnBB −=
∗ . The 2m 
represents the number of flux attached to an electron, and 
n is an analog to Landau level index. At the half filling 
factor, the effective magnetic field is equal to zero. Jain’s 
picture translates a strongly correlated many body system 
to single quasiparticle physics. The composite fermions 
can be treated like electrons in QHE, as illustrated in Fig. 
3 and Fig. 4. When the magnetic field deviates from 1/2 
filling factor, composite fermions “feel” effective 
magnetic field in the same way as electrons “feel” real 
magnetic field in QHE. FQHE has edge current too, with 
the same reason as QHE does. The energy gap in FQHE 
can be measured similarly to QHE and energy gap of 
composite fermions can be grouped by number of flux 
attached to the electron [29]. 
 
Figure 4. Energy gap at various filling factors in the 
vicinity of 1/2 and 1/4 filling factors. Adapted from [29]. 
QHE or FQHE states can be destroyed by current 
through 2DEG [30,31]. There is a critical current above 
which the Hall resistance deviates from quantized number 
and longitudinal resistance deviates from zero. It is 
reasonable to speculate that high current density causes 
dissipation and electron heating effect, and then destroys 
QHE. There are more theoretical candidates for the 
mechanism of breakdown, such as inter-Landau-level 
scattering, intrasubband process or electron-phonon 
interaction. A consensus of the exact explanation of QHE 
breakdown has not been reached, but all theories and 
measurements agree that critical current increases with 
less confinement condition. A recent experiment reports 
that FQHE has opposite dependence within a small 
confinement region, and calls for further theoretical input 
considering interactions [32]. Understanding the physics 
of breakdown is important for using the QHE Hall 
resistance plateau for metrology standard and helpful for 
some experiments with confinement described later in 
this review. 
More reading about QHE or FQHE may refer to 
[33,34,28,35]. 
C. Edge Physics and Statistics 
All realistic 2DEG has a boundary, and edge states (or 
edge currents) originate from Landau energy gaps with 
the boundary potential [36]. Classical analog for a single 
edge current is electron move under Lorenz force, where 
only the electron near the edge can move forward without 
forming a close orbit [37]. Similar to its classical analog, 
edge currents move in different directions on two 
opposite boundaries. A real sample may have two 
boundaries separated by hundreds of microns to a few 
millimeters. Then two opposite edges are far from each 
other and backscattering is not allowed. Therefore, 
electron can move forward without dissipation, resulting 
in zero longitudinal resistance at the right filling factor 
and at sufficiently low temperature. The number of QHE 
edge states equates bulk Landau index n. The edge with 
the smallest index is closest to the boundary. The above 
argument applies to FQHE considering a composite 
fermion picture with similar energy gap. The 
experimental evidence of edge current can be found in 
non-local measurement [38], current distribution 
measurement [39] or direct imaging [40]. 
Although the bulk of 2DEG is gapped in QHE, the 
edge is gapless, where an electron underneath Fermi level 
can be excited above with infinitely small amount of 
energy. Wen pioneered in developing a chiral Luttinger 
liquid theory for edge excitation of FQHE [41-47]. The 
structure of edge can be complicated with 
counter-propagating modes and reconstruction in FQHE 
[48-50]. The history of chiral Luttinger liquid theory in 
FQHE can be found in [51]. Luttinger liquid theory 
predicts a tunneling exponent α for nonlinear I-V curve 
( αVI ∝ ), where I is tunneling current and V is tunneling 
voltage. This exponent represents an interaction 
parameter in Luttinger liquid which is related to Fermi 
energy and Coulomb energy. If edges are separated by 
vacuum then there is electron tunneling, and if edges are 
separated by FQH state then there is quasiparticle 
tunneling [52]. Electron tunneling can also happen 
between 2DEG and heavily doped GaAs contact on the 
side by cleaved-edge-overgrowth sample, structure shown 
in Fig. 5 [53,51]. 
 
Figure 5. (a) Cleaved-edge-overgrowth device; (b) 
tunneling current measurement setup. Adapted from [51]. 
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 Exponents α for electron tunneling or quasiparticle 
tunneling are different for a given FQH state. 
Quasi-particle tunneling may happen between two 
counter propagating edge currents by bringing two edges 
appropriately close to each other. Particularly for further 
discussion in the next chapter, the zero-bias tunneling 
conductance is also in a power law dependence of 
temperature 22 −∝ gTσ . g is the strength of the Coulomb 
interaction and is also a topological quantum number 
independent of edge potential details. Different FQH 
states result in different g numbers so its measurement 
helps to determine wave function for theoretically solved 
states. For example, g is equal to 1/m for quasiparticle 
tunneling in a 1/m fractional Hall state (m is odd number). 
More about edge tunneling can be found in [53,54,51,55]. 
 
Figure 6. Interferometer experiment setups in QHE 
system, (a) for Fabry–Pérot interferometer and (b) for a 
Mach–Zehnder interferometer. Interferometer 
experiments mentioned in this review are based on 
Fabry–Pérot interferometer. Adapted from [56]. 
The g number is linked to the statistics of the particles, 
where statistics means the property of wave function 
under exchange. Wave functions in 3-dimensional space 
satisfy the symmetry property when two identical 
particles are exchanged. People are familiar with 
symmetric property for Bosons and anti-symmetric 
property for Fermions. The exchange of Bosons or 
Fermions generates a zero or π phase factor in the wave 
function, but in 2-dimensional space, this phase factor can 
be any value in principle. Such a quasiparticle with 
non-discrete phase value is called anyon [57-59]. The 
existence of fractional statistics can be derived by 
Laughlin’s wave function in FQHE. Interference 
experiments (Fig. 6) based on edge physics are proposed 
for searching of fractional statistics [60]. Although one 
can argue that fractional statistics is a direct consequence 
of fractional charge, fractional statistics itself does not 
have as much experimental evidence as fractional charge 
in FQHE [61]. Some proposed waves functions are more 
complicated than what we describe above for fractional 
statistics, and the new statistics is named as non-Abelian 
statistics [57,62,59,56]. In non-Abelian statistics, 
interchange of particles not only changes the phase, but 
generates a completely different degenerate state. 
Non-Abelian statistics can be used for construction of 
quantum computer which is resistant to environmental 
decoherence, one of the major obstacles in quantum 
computation [57,62,63]. Filling factor 5/2 FQH state is a 
candidate for non-Abelian wave functions.  
II. 5/2: AN EVEN DENOMINATOR STATE 
A. The Mysterious 5/2 
Among the known fractional states, 5/2 is one of the 
most mysterious states. 5/2 was first observed in 1987 by 
Willett et. al. (Fig. 7) [64]. Before the discovery of 5/2, 
all other FQH states have odd denominators. In the 
composite Fermion picture, the effective magnetic field is 
zero at filling 1/2. Even composite Fermion p-wave 
pairings may lead to an attractive interaction at 5/2 but 
not at 1/2 [65], 5/2 can be considered as a 1/2 at a higher 
Landau level. The existence of 5/2 contradicts the 
empirical observation from 1982 to 1987, and demands 
theoretical conceptual novelty.  
 
Figure 7. First experimental observation of 5/2 FQHE 
state. Adapted from [64]. 
Soon after the discovery of 5/2, the first theoretical 
attempt from Haldane and Rezayi [66] constructs 
quasiparticle by d-wave paring of composite fermions. 
It’s suggested that Haldane-Rezayi's state has gapless 
excitations in the bulk [67]. Moore and Read proposed a 
theory for 5/2 in 1991, well known as the Moore-Read’s 
state or Pfaffian state [68]. Moore-Read’s state considers 
composite fermions as triplet paired, and the name 
Pfaffian came from the math used in this wave function. 
Numerical result from Morf in 1998 supports a spin 
polarized state like Pfaffian [69]. Anti-Pfaffian state is a 
particle-hole conjugate state to Pfaffian [70,71]. A way to 
distinguish between Pfaffian and anti-Pfaffian is through 
their different strength of the Coulomb interaction g. Both 
Pfaffian and anti-Pfaffian state are non-Abelian and so far 
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 they are believed to be the most likely wave function for 
5/2 [69,72-84], with some supportive experimental 
evidence to be introduced in the following sections. 
Pfaffian state is also challenged by some numerical 
results, but some of them lead to a fractional charge of e/2, 
different from experimental value [85-89]. Halperin 
proposed 331 state for 5/2, similar to the 1/2 state in 
double layer system with two-component strongly paired 
Laughlin phases in each layer [90,91]. 331 state is 
Abelian and two recent tunneling measurements found g 
number closer to that of 331 state than others [23,24]. A 
numerical study compares spin unpolarized Halperin 331 
state and the spin polarized Pfaffian state, and 
energetically favors Pfaffian state at ν=5/2 [84]. It should 
be noted that 331 state can be either spin-polarized or 
spin-unpolarized [92]. Wen also proposed U(1)×SU2(2) 
state (non-Abelian) and K=8 state (Abelian) in early 90s 
[93-95]. Feldman summarized some 5/2 wave functions 
including anti-331, anti K=8, anti-U(1)×SU2(2) and 
proposed a new 113 state [92,96]. Up till now, the 
existence of non-Abelian statistics at 5/2 and the 
theoretical explanation of 5/2 are still an open question 
experimentally.  
 
Figure 8. A design of 3He immersion cell. 2DEG in this 
kind of cell can reach 4 mK electron temperature. 
Adapted from [97] 
5/2 is not the only even denominator FQHE. 7/2 and 
19/8 filling factors have been observed with quantized 
Hall resistance and minimum in longitudinal resistance 
[98,99,10]. They attracted much less attention for their 
more special experimental requirements. For example, 
one 19/8 state’s energy gap may be as low as 5 mK, 
requiring a low electron temperature environment that 
most of the lab cannot achieve [10]. The temperature 
mentioned here is electron temperature rather than the 
environmental lattice temperature provided by a cryostat. 
A dilution fridge can go down as low as 2 mK and a 
nuclear demagnetization refrigerator can go down to the 
order of 10 µK lattice temperature, but only a few labs 
achieve electron temperature lower than 10 mK [100,97] 
A design of 3He immersion cell achieving 4 mK is shown 
in Fig. 8. For comparison, although 5/2 state is considered 
extremely difficult to observe, its energy gap can be as 
high as 0.5 K, 100 times larger than 19/8 state. 9/2 and 
11/2 filling factors in 2DEG are studied for their 
anisotropic transport property [101-104]. Anisotropic 
transport in 2D hole systems is slightly different 
[105,106]. The half filling states show novel behaviors 
from the lowest Landau level to higher Landau level. 
Higher Landau levels suppress the short range Coulomb 
repulsions between electrons and cause the anisotropic 
stripe phase or bubble phase. The only two known FQHE 
at ν>4 are 21/5 and 24/5, and they only exist between 80 
and 120 mK [107].  
B. Energy Gap of 5/2 
5/2 FQH state is difficult to obverse due to the 
requirement of high mobility and low temperature. 
Energy gap indicates how robust an FQH state is. 5/2 
state’s energy gap is much smaller than the usual FQH 
state such as 1/3. The observed 5/2 energy gap is from 
less than 0.6 K to undetectable. In comparison, 1/3’s 
energy gap has been measured up to ~10 K. [29] and 
numerical study predicts that 1/3 state has 11 times larger 
energy gap than 5/2 in the same sample [69]. 
Traditionally 5/2 is believed to only occur in the 
extremely high mobility samples, usually in the order of 
107 cm2/(V∙s). A recent study found 5/2 in a sample with 
mobility as low as 4.8×106 cm2/(V∙s) [108]. More 
experimental results show that energy gap has 
complicated dependence on mobility, density and other 
properties of the heterostructure. 
 
Figure 9. A summary of 5/2 reduced energy gap as a 
function of mobility. Black triangle data are from an 
undoped heterojunction insulated gate field-effect 
transistors. Adapted from [109]. 
In general, samples from the same batch have larger 
energy gap with higher mobility (Fig. 9) [109,108]. 
Mobility dependence on undoped heterojunction insulated 
gate field-effect transistors shows that energy gap slightly 
increases with lower mobility. One should notice that the 
mobility itself is also a function of 2DEG electron density, 
either monotonically increasing or non-monotonic 
[110,109]. The density dependence of the energy gap 
seems consistent in that larger density leads to larger 
energy gap, especially in the same study [110,109,111]. A 
5/2 study in wide quantum well also found that energy 
5 
 gap increases with density but it suddenly drops once the 
density exceeds a number associated electric subband 
switch [112]. The role of disorder and Landau level 
mixing has been discussed for explaining the measured 
5/2 energy gap [113,114,7,110,109,115,108,116]. 
Disorder is not included in the 5/2 ground state numerical 
simulations to our knowledge. Scanning gate microscopy 
or scanning probes can serve as detectors for individual 
hard-scattering site and disorder potential [117-119]. A 
2-impurity model (background and remote) was 
developed recently to address the relation between 
mobility, electron density, disorder and sample quality 
[120,121]. In addition to mobility and density, conditions 
for LED illumination, Aluminum fractions and silicon 
doping levels in heterostructure also affect the 5/2 FQH 
state [108,116]. 
C. Spin Polarized or Unpolarized? 
Numerical results suggest that 5/2 FQH state is spin 
polarized and support Pfaffian state or anti-Pfaffian state 
[69,72,77,80,82]. Therefore, efforts have been made to 
measure the spin polarization at 5/2, mostly through tilted 
field technique. In tilted field measurement, the Hall 
properties refer to perpendicular magnetic field while the 
Zeeman energy refers to the total magnetic field, so a spin 
polarized state will not be affected by the tilted field 
while a spin unpolarized state may respond to the tilted 
field. The first 5/2 tilted field experiment was done by 
Eisenstein in 1988 [122] and the study concluded that 5/2 
is not spin polarized. More titled experiments were 
carried out during the last decade after more theoretical 
support for the Pfaffian and anti-Pfaffian, but the results 
were too complicated to be explained only in language of 
spin polarization [103,123-129]. The above titled 
experimental results imply that 5/2 state under the 
influence of in plane field needs to take more into 
consideration than just the Zeeman energy. Furthermore, 
a numerical study argues that 5/2 from Moore-Read state 
can lead to depolarized ground state in realistic 
experimental situations because of Skyrmions [130]. 
NMR or optical measurement can also provide insight 
on spin polarization. Experimental results are more in 
favor of spin polarized state than unpolarized state 
[131-135]. A recent study points out that 5/2 may not be 
spin polarized in the low-density limit through the density 
dependence of energy gap [136]. In addition, another 
analysis through measurement of energy gap shows that 
5/2 is more consistent with spin unpolarized than spin 
polarized [137]. In short, although spin polarization 
provides valuable information for determining wave 
functions, it is difficult to make one conclusion for all the 
samples measured. Readers may refer to [138-140] for 
more information about spin polarization and tilted field 
results. 
D. e/4 Fractional Charge and Interaction Parameter g 
Fractional charge e/4 predicted by Pfaffian, 
anti-Pfaffian, 331 or other wave functions has been 
observed by different experimental methods 
[89,22,18,141,19,26,23,24]. Shot noise happens when 
discontinuous current passes through a barrier, with a 
magnitude related to the current, the quantized charge 
unit, and the barrier itself. The barrier is basically a 
narrow constriction created through a quantum point 
contact (QPC), where edge currents from both sides of a 
sample are brought close to each other. The formation of 
QPC can be through top gates capacitively coupled to the 
2DEG or through etching away selective area of a 2DEG. 
Shot noise experiment proves the existence of e/4 
quasiparticle (Fig. 10) at 5/2 and fractional charge at 5/2 
varying with temperature [89,141,142]. The observation 
of e/4 is consistent with theoretical predictions but it is 
not enough to conclude the existence of non-Abelian 
statistics. Neutral mode at 5/2 has been measured in shot 
noise experiment and explained in support of non-Abelian 
statistics [143]. A recent theoretical study suggests a new 
Abelian 5/2 state that allows neutral mode [96]. Neutral 
mode has been observed in other FQH states, such as 2/3, 
3/5, 5/3, 8/3 recently [144]. 
 
Figure 10. e/4 fractional charge detected from shot noise 
measurement. Adapted from [89]. 
QPC can also be used in tunneling experiments where 
edge currents are close enough to have backscattering. 
Although it was initially developed in Abelian FQHE, 
tunneling theory applies to non-Abelian states and 
tunneling itself as a measurement tool has been studied 
theoretically and experimentally [52,47,54,145-157,92]. 
Weak tunneling experiment observes fractional charge 
close to e/4 at 5/2 FQH state, also provides the 
information of interaction parameter g [22,158,23,24]. 
Different proposed wave functions predict several 
numbers of g and it can be measured through weak 
tunneling theory [93,43,45,46,52,151]. The first weak 
tunneling experiment at 5/2 found g=0.35 in its best fit 
compared with the weak tunneling formula (Fig. 11) [22]. 
The improved measurement from the same group 
observed fractional charge close to 0.25e and suggested 
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 that g number is closer to 3/8, predicted by Abelian 331 
wave function [52,23]. Minima on both sides of the 
zero-bias tunneling peak indicates that g is strictly less 
than 1/2 [159,23]. Theoretical efforts point out the 
possibility of geometry influence in this kind of QPC 
tunneling measurement and g dependence on edge 
reconstruction [160,92]. A recent tunneling measurement 
with a different grown sample and different electron 
density from ETH also supports 331 Abelian state and 
provides tunneling information at 7/3 and 8/3 for further 
theoretical investigation [24,161]. 
 
Figure 11. Determination of fractional charge and 
interaction parameter g through weak tunneling 
experiment. Adapted from [22]. 
Interferometer has been proposed to detect fractional 
charge and fractional statistics by Chamon [60]. 
Furthermore, interference measurement can be used to 
prove the existence of non-Abelian statistics directly and 
there are considerable theoretical efforts in interference 
study [162-182]. It is predicted that the interference 
would be turned on and off depending on if the 
non-Abelian quasiparticles within the interferometer are 
even or odd number. The simplest interferometer can be 
constructed with two QPCs (Fig. 6a). Willett’s 
interference experiment observed fractional charge of e/4 
and e/2 and are considered in support of the non-Abelian 
statistics [18,19,183]. In addition to the fractional charge, 
an alternating pattern of e/4 and e/2 period oscillation is 
present, similar to the even-odd effect predicted for 
non-Abelian quasiparticles. The e/2 period may reflect a 
more complicated situation of e/4 quasiparticle around an 
interferometer and the interference results can be a 
signature of non-Abelian [184-186]. The physics of 
interference in 2DEG is more than just the resistance 
oscillations, for another study proves that the oscillations 
come from Aharonov-Bohm mechanism in a larger 
interferometer and from Coulomb blockade mechanism in 
a smaller interferometer [187]. There is one more 5/2 
interferometry experiment supporting non-Abelian 
statistics through the detection of phase slips [188]. 
In short, FQH 5/2 state needs extra efforts to determine 
its ground state wave function. So far experimental results 
are in more accordance with the non-Abelian nature of 
5/2 than the Abelian nature. Confinement potential can 
affect the wave function of 5/2 FQHE from one numerical 
study [184]. Therefore, given the results from energy gap 
study, spin polarization probes, and experiments carried 
out with QPC, device geometry and heterostructure 
characteristics may be important.  
III. FQHE IN GRAPHENE 
A. Graphene 
Electrons and their interaction fantastically result in 
FQHE, regardless how the 2DEG is formed. Besides 
Si-MOSFET and GaAs-AlGaAs heterostructure, other 
2DEG systems are also used in QHE study. For example, 
2DEG based on MgZnO/ZnO heterostructure reached the 
mobility of 7×105 cm2/(V∙s) only 4 years after its first 
demonstration as a host for 2DEG [189,190] and many 
FQH states have been observed in ZnO system [191,192]. 
FQHE has been also observed in Si/SiGe heterostructure 
[193,194] with mobility in the order of 106 cm2/(V∙s) 
nowadays. Besides the familiar heterostructure, 
two-dimensional materials can also host FQHE. In fact, 
there are a large number of two-dimensional materials, 
among which graphene is frequently studied [195-197]. 
Graphene is special for its peculiar band structure and 
corresponding two-dimensional massless Dirac-like 
excitations. Landau levels in regular 2DEG are 
characterized as separation of Cω , where 
*meBC =ω  and m* is effective mass. Obviously, 
graphene cannot adapt regular Landau levels from 
standard 2DEG. Eigenvalues in monolayer graphene are 
expressed as nBevnE Fn 2)sgn(= . There is a 
zero-energy Landau level in graphene, qualitatively 
different from standard 2DEG. Spin splitting g number is 
2 in graphene and -0.44 in GaAs semiconductor.  
B. QHE in Graphene 
In graphene, Hall conductance is ( ) henH 2214 +±=σ . 
The factor 4 results from the spin degeneracy and valley 
degeneracy. The additional 1/2 can natively attribute to 
the existence of the zero energy state. More reading about 
this additional 1/2 is available in [196] from the view of 
Berry phase or from the view of analogy to relativistic 
Dirac equation. 
Hall plateaus in graphene develop to the series of 
filling factors at 10,6,2 ±±±=υ  (shown in Fig. 
12). From 2005, the predicted graphene quantum Hall 
series have been experimentally observed [198,199].
3,1,0 ±±=υ  have been experimentally observed from 
symmetry broken of the spin or valley [200-202]. Due to 
its much larger energy gap than that in standard 2DEG, 
QHE in graphene has even been found at room 
temperature [203], which makes QHE based applications 
more practical in the future. With the developing device 
fabrication process, more sophisticated structures have 
been realized which enable further investigation of edge 
current in graphene [204-206].
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Figure 12. QHE in graphene. (a) Hall resistance and longitudinal resistance measured at 30 mK and Vg=15 V. (b) Hall 
resistance and longitudinal resistance at 1.6 K and 9 T. (c) A schematic diagram of the Landau level density of states and 
corresponding quantum Hall conductance as a function of energy. Adapted from [199]. 
C. FQHE in Graphene 
FQHE in graphene was observed 4 years after the 
discovery of QHE in graphene, longer than the time 
difference of QHE in 1980 and FQHE in 1982 [201,207]. 
The early 1/3 FQHE was found in suspended graphene 
devices at a temperature of 1.2 K and a magnetic field of 
12 T, where the mobility reached 2.6×105 cm2/(V∙s) [201]. 
Carrier mobility in suspended graphene can be in the 
order of 106 cm2/(V∙s), comparable to some good quality 
2DEG in GaAs-AlGaAs heterostructure [208]. Substrate 
affects the properties of graphene so suspended graphene 
has its own advantages. However, suspended graphene is 
unstable, inconvenient for further complicated 
fabrications and easy to bring in disorder from strain 
[209,210]. High quality graphene on a hexagonal boron 
nitride (h-BN) substrate was found and Hall bar structure 
was realized [211]. In Fig. 13, at least 8 FQHE states 
were found in graphene on h-BN substrate, at 0.3 K and 
35 T, where the mobility was 3×104 cm2/(V∙s) [202]. The 
FQHE states in monolayer graphene in reference 
[207,201,202,212-215] can be summarized in the 
following tables: 
 
1/3 1/5 2/7 2/9 3/11        
2/3 2/5 3/7 4/9 5/11        
4/3 3/5 4/7 5/9         
7/3 6/5 5/7 14/9         
8/3 8/5 10/7          
10/3            
11/3            
13/3            
            
            
1/3 1/5 1/7 1/9 2/11 2/13 2/15 2/17 3/19 5/21 6/23 6/25 
            
8/3 24/5 19/7 25/9 17/11 20/13 23/15 9/17 10/19 10/21   
Table 1. FQHE in monolayer graphene (black color). Red color fractions are odd denominator FQHE states in 
GaAs-AlGaAs heterostructure [10]. The first red color number in each column is the lowest filling factor with a 
particular odd denominator. The second red color number, if it exists, is the highest filling factor with a particular odd 
denominator. 
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 Reference Observed fractions T (K) 
B 
(T) 
Mobility  
(×105 cm2/(V∙s)) Notes 
[201] 1/3 1.2 12 2.6 Suspended graphene 
[207] 1/3 2 14 1 Suspended graphene 
[212] 1/3 1.7 14 1.5 Suspended graphene with Hall Bar 
[202] 1/3, 2/3, 4/3, 7/3, 8/3, 10/3, 11/3, 13/3 0.3 35 0.3 
Hexagonal boron-nitride 
substrate with Hall Bar 
[214] 1/3, 2/3, 2/5, 3/7, 4/9 1.4 15 Transconductance measurement 
Representative data stem 
from suspended graphene 
[213] 1/3, 2/3, 4/3, 2/5, 3/5, 8/5, 3/7, 4/7, 10/7, 4/9, 14/9 0.45 12 
Local electronic 
compressibility 
measurement 
Suspended graphene 
[215] 
1/3, 2/3, 1/5, 2/5, 3/5, 6/5, 
2/7, 3/7, 4/7, 5/7, 2/9, 4/9, 
5/9, 3/11, 5/11 
N/A 12 
Local electronic 
compressibility 
measurement 
Suspended graphene 
Table 2. Summary of FQHE experimental studies in monolayer graphene. 
 
Figure 13. Hall resistance and longitudinal resistance at 35 T and 0.3 K. Inset shows SdH oscillations at Vg=-18.5 V. 
Adapted from [202].
Based on the summary of existing FQHE in graphene 
and standard 2DEG, the main difference does not origin 
from the absence of larger odd denominator states in 
graphene. With lower temperature and higher quality 
samples, one would expect more FQHE states’ 
appearance in monolayer graphene. The existence of 13/3 
and the lack of 5/3 indicate some differences. 
Electron-electron interaction is suppressed at higher 
Landau level so FQHE ground state may be replaced by 
stripe phase [102] or bubble phase [104]. In fact, there is 
no FQHE ground state above second Landau level 
experimentally found in GaAs-AlGaAs heterostructure. 
The 24/5 state listed in Table 1 is not the ground state, 
and it only shows up at temperature from 80 to 120 mK 
[107]. Graphene enables the FQHE at higher Landau 
levels, leading to the study of different effective 
interactions from different structures of Landau level 
wave functions. For example, in the second or higher 
Landau level, lots of interesting phenomena has been 
observed in GaAs standard 2DEG, such as even 
denominator states and reentrant states. The lack of 5/3 
state relates to the degeneracy difference between that in 
graphene and GaAs. The symmetry in graphene may be 
broken by different experimental approaches, such as 
tilted field or strain. Furthermore, edge study in standard 
2DEG is difficult for the 2DEG laying a few hundred nm 
below the surface, so the experimental definition of edge 
is usually through the etching of Mesa or capacitively 
coupled gating, which either cause disorder or can only 
define very smooth potential gradience. In comparison, 
edges in graphene can have atomically sharp confinement, 
leading to more studies of edge current tunneling and 
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 interferometer. In short, FQHE in graphene provides an 
interesting platform for many-body physics.  
IV. CONCLUSION 
Many theoretical and experimental efforts are still 
ongoing after 33 years of FQHE research. The recent 
progresses at filling factor 5/2 state and FQHE study in 
graphene are briefly reviewed. 5/2 state has potential 
applications for topological quantum computation. The 
existing experimental inconsistencies imply that 5/2 could 
have different wave functions depending on their host 
environment. Even without non-Abelian statistics, 5/2 
state itself is also important for being an even 
denominator state. This even denominator FQH state 
provides an exceptional platform for us to study the 
complicated many body physics from simple electrons. 
The progress of FQHE study in monolayer graphene is 
briefly introduced. FQHE states observed in traditional 
transport measurements are still limited to denominator 3. 
Temperature for graphene FQHE study is much higher 
than typical FQHE study in GaAs heterostructure. With 
improving monolayer graphene sample quality and lower 
measurement temperatures, more FQHE states are 
expected to be observed, likely including even 
denominator states and perhaps non-Abelian statistics. 
Graphene can be investigated for high Landau level 
FQHE and edge physics. 
We write this brief review as the token of our honest 
regard for the many brilliant and serious minds working 
in this exciting field. This paper is essentially a review for 
the latest experimental progress at 5/2 and that of FQHE 
in graphene. Due to the framework of this article, some 
recent inspiring FQHE experiments are not introduced 
here, including coherence length measurement [216], heat 
transport [217], local electronic state measurement [218], 
neutral mode detection by local thermometry [219], 
nuclear spin polarization [220], piezoresistance [221-223], 
properties of FQHE in wide quantum well 
[224,112,225,226], reentrant [227,104], thermopower 
experiment [228,229], even denominator FQHE in bilayer 
graphene [230], FQHE in monolayer-bilayer graphene 
planar junctions [231] Hofstadter’s butterfly in graphene 
[232], tunneling spectroscopy of graphene FQHE [233]. 
We apologize if any important related work is neglected 
because of our unawareness.
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